Analysis of Statically
Indeterminate
Structures by the
Displacement Method




Methods of structural analysis

The methods are classified into two groups:

1. Force method of analysis (Statics of building structures 1)

Primary unknowns are forces and compatibility of
displacements is written in terms of pre-selected
redundant reactions and flexibility coefficients using
force displacement relations.

The unknown redundant reactions are evaluated
solving these equations.

The remaining reactions are obtained from equations
of equilibrium.




Methods of structural analysis

The methods are classified into two groups:

2. Displacement method of analysis
Primary unknowns are displacements.

Equilibrium equations are written by expressing
the unknown joint displacements in terms of loads
by using load-displacement relations.

Unknown joint displacements are calculated by
solving equilibrium equations.

In the next step, the unknown reactions are
computed from compatibility equations using
force displacement relations.




Displacement method

This method follows essentially the same steps for
both statically determinate and indeterminate
structures.

Once the structural model is defined, the unknowns
(joint rotations and translations) are automatically

chosen unlike the force method of analysis (hence,
this method is preferred to computer implementation).



Displacement method

Slope-Deflection Method

= |n this method it is assumed that all deformations

are due to bending only. Deformations due to axial
forces are neglected.

Direct Stiffness Method
= Deformations due to axial forces are not neglected.

The Slope-deflection method was used for many
years before the computer era. After the revolution

occurred in the field of computing direct stiffness
method is preferred.



Slope-Deflection
Method: Beams




. Slope-Deflection Method: Beams

Application of Slope-Deflection Equations to Statically
Indeterminate Beams:

= The procedure is the same whether it is applied to
beams or frames.

= |t may be summarized as follows:

ldentify all kinematic degrees of freedom for the given
problem. Degrees of freedom are treated as unknowns
in slope-deflection method.

Determine the fixed end moments at each end of the
span to applied load (using table).

Express all internal end moments by slope-deflection
eguations in terms of:

= fixed end moments

= near end and far end joint rotations




Slope-Deflection Method: Beams

Write down one equilibrium equation for each unknown
joint rotation. Write down as many equilibrium
eqguations as there are unknown joint rotations.
Solve the set of equilibrium equations for joint rotations.

Now substituting these joint rotations in the slope-
deflection equations evaluate the end moments.

Fvaluate shear forces and reactions.
Draw bending moment and shear force diagrams.
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” Slope-Deflection Method: Beams

Example 1
F=20kN
7 = 4 kN/
% g, = 2 kN/m R 0
_____________________________________ El = const.
a /\b C %
. 3 1. 3 ‘ 4 .

1. Degrees of freedom

= The continuous beam is kinematically indeterminate to
first degree. Only one joint rotation ¢, is unknown.
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Method: Beams

Example 1
F=20KkN
0,=4 kN/m
g,=2 kN/ml %
_____________________ e e M
a Ab C % EI = konst. ﬂ{ib 7in ‘,rb’:}
L 3 =!< 3 >ie 4 f[ﬁ_ﬂ a%-t’; '“h_E
| |: : =
Fixed end moments are * ' n: M;,
calculated referring to the table. =
N _ 1 1 2 l "%QI +%QI
M ap —_g[n: [”ab_EBqlmab ! 12 | U2 !
M =~ [2016-— [2(6% =~21kNm ) _qeb? L Qe
8 12 i I 5 1 2 Iz
Mba :+E|]: [I]ab-l_imlm:b =21kNm lQ lQ . a(l-a) a(l-a)’
81 - 1 EIRERT | e

M = 5 [0y, 02 = 5 [4[4? = -5,33kNm

q . 2
_ 1 ARRSRERENN 19 +154
M = +Em2 12 =5,33kNm




Method: Beams

Example 1 P31 20kN

g, =2 kN/m

_
L

< 3 :L 3 >« 4
3. Express internal end moments by slope-deflection equations.

M. _M 2E|( Zb ¢b> far end joint

rotation

%

fixed end moment flexural rigidity ~ near end joint rotation

M, = Mo +20 (214, +4,) = 21+ 21 210+ 4,) = 21+ =g,

|, 6 3
— 2EI 2 El 2[El

Mi = Mis +=— (219, +¢,) = 21+ =— (20, +0) = 21+ ——9,
ab

MbC:Mbc+2E' (20, +6,) =533+ z—f(zwpb 0)=-533+El [,
bc

My =M+ 2El (209, +¢,) =533+ ZTE'(ZE(D +@,)= 5,33+%Upb

bc
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¥ Slope-Deflection Method: Beams

Example 1 3 20kN
g, =2 kN/m

J,=4 kN/m

-

3 :L 3 >ie 4

4. Equilibrium equations (write one equilibrium equation for
each unknown joint rotation)

= End moments are expressed in terms of unknown rotation @,
Now, the required equation to solve for the rotation ¢, is the
moment equilibrium equation at support b.

M, =0: M, +M_ =0

21+2—§'B;5b ~5,33+El [, =0

15.667 0.4
667El [# +15667=0=>¢@, =—— .
. & 2z 1.667 LEI El
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Method: Beams
Example 1 P31 20kN

J,=4 kN/m

B

N

g, =2 kN/m

.

5. End moments
= After evaluating ¢, substitute it to evaluate beam end moments.

M, = —21+E¢b = —21+E 24N —2413KNm
3 3 El

M,, = 21+24f'¢b = 21+%% [(—%} =14,73kNm

|
9,4
M, = -533+El [, = 5,33+ El [ﬁ—ﬁj = —14,73kNm
Elf_34

A 0,63 kNm
2 El

M, = 5,33+52I [$, =533+
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Method: Beams

Example 1
I 6. Shear forces and reactions

= Now, reactions at supports are evaluated using equilibrium
equations. Shear forces are equal to plus/minus this reactions.

M F=20kN g, =4 kN/m
€
3 b 3 > I‘ 'I
Rab_ ab Rba:'vbal IQbC:\/bC RCb:-VCb
ab:Rabzll(Fd?-l-qld%_Mab_Mba] Vbc:Roczl:LKQchzib_Mbc_Mcbj

1 & 1, 4
Vi = 2| 20[3+205+2413-1473 | =1757kN V. = | 413-+1473-0,63| =1153kN

1 2 1 ‘
Via = ~Ra :_I(F d?-'_CIl%-FMab-'_Mbaj Ve =Ry :_£q2 d027b+MbC+MCb]
ab

a
Ibc

_ 1 GEf _ 1, 4 B
Vi, = _6 20[3+2 > 2413+14,73 | =-1443kN V_ = 2 4[—IE —-14,73+0,63 | = -4,47 kN
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” Slope-Deflection Method: Beams
Example 1

6. Shear forces and reactions

= Now, reactions at supports are evaluated using equilibrium
equations. Shear forces are equal to plus/minus this reactions.

F=20kN q2:4kN/m

> >I r
R,= 17,57 R,.= 14,43 R,~=1153 Rap= 4,47

R, =R, =17,57kN
R =R_+R_=14,43+1153=2596kN
R, =R, =4,47kN
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Method: Beams
Example 1

7. Draw shear force and bending moment diagrams.

V,,=17,57 \
1157  Vee7llo3

@
@
X =288m V,=-4,47
-8,43 { . cb
V,,=-14,43



¥ Slope-Deflection Method: Beams
Example 1

7. Draw shear force and bending moment diagrames.

M., =-24,13
MbC: 'Mba: '14,73
S
@
Mg=19,58

2
e =M, +Rab§lf [é j —24,13+17,57[3—2Q37 =19,58 kNm

2,882
M_ =M, +R_ X - qzdi——1473+1153E288 4E% 1,88 kNm
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Method: Beams

Example 2
F,=10 kN
7 F,=5kN
g=3 kN/m
l El, = El
a  bA CA_ ______ El.. = 2El
) 3 3 [ 3 | 3

1. Degrees of freedom
= The continuous beam is kinematically indeterminate to
second degree.

The 15t possibility of solution - two unknown joint rotation ¢,, @,
(¢,= O) - two required equations to solve for the rotation ¢, ¢,
are the moment equilibrium equations at support band c.
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Method: Beams

Example 2 o, M,
/ i
FiZ10KN o Pl = L
7 - M* M*
7 = 2 a,b b,a
g= 3 kN/m
/ s l ' lQ ~Lar . +2Q1
7 ﬁ_a______________________B;_________________C; _________ L: lj2 ol l/2 . = 3
3 : g
8 ! ! 3 ! 3 ! RRRLRARENE ~qed +159

2. Fixed end moments are calculated referring to the table.

_ 1 1
M = —— @02 = - B8 =-16 KNm
=5 e =70

— 1
M pa = +—[a 02 =16 KNm
b 12m ab

M be :—é[ac . :—%[IF ., :—%DO[GS:—?,SkNm

M o :+%[IF 1, :+é[IF 1, :+éElO[6:7,5kNm
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Method: Beams

Example 2 ) FEI0KN
= 3kN/ e
e J, _ le,==
A bA A d El,_=2El
8 .3 . 3 | 3|

3. Express internal end moments by slope-deflection equations.

Mab:Mab+2Elab(ZWa+¢b):_16+£(2m+¢b):_16+5¢b

b 8 4
Mbazmba+2Elab(Zwb+¢a):16+2—§|(23'5b+0):16+%¢b

ab
I\/lbc :Mbc-i_ 2E|bc (2[¢b+¢c):_7’5+ 2[2E| (2[¢b+¢c):_7’5+gEl [¢b+§EI [¢c

bc

— 2Fl, 2 2E| 4 2

Mo = Mo+ ==2 (208, +4,)=+75+——(20p. +4,)=75+_El P, +ZEI (9,

M

bc

= —F, [3=-15kNm
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Method: Beams

Example2 . R N
g= 3 kN/m l

_él""""l _____ ‘ b/ """""""""CA ________ d

g o3 L 3 [ 3,

»<

4. Equilibrium equations (write two equilibrium equations for
two unknown joint rotations)

= End moments are expressed in terms of unknown rotations. Now, the
required equations to solve for the rotations are the moment equilibrium

equations at supports band c. >M,=0: M_+M, =0

.

M, =0: M +M_ =0

El 4 2
16+—¢@, —7.5+—El [§, +—El [§, =0
> P s SR

7,5+§EI P, +§EI [, -15=0

8167, _ 9,708

P = El El
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Method: Beams
Example 2

F,= 10 kN
7 F,=5kN

___________________________ }

a bA A

< 8 :!: 3 :!: 3 :L 3 :!
5. End moments

-

= After evaluating ¢, ¢, substitute them to evaluate beam end
moments.

M, = —16+%¢b - —16+L= [— 8’;57) = -18,04 KNm

AN

El El 8167
M, =16+—¢, =16+ —— =1192 kNm
ba 2 ¢b 2 [ EI ) 1'

M, = —7,5+g El [, +§ El [, = —7,5+g El [é— 8467) +2E) ’;08 = 11,92 kNm

El ) 3
M, =75+2El [ +2El i, = 7.5+~ B 20204+ 25 1-82087) - 150Nm
3 3 3 E 3 El

M, =-F,3=-15kNm
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Method: Beams

Example 2
6. Shear forces and reactions. F,=10 kN

Mab g = 3kN/m

2 1
Vp = ;(3[82 +18,04—1192] =12,77 kN Vie = 6(10[3+1]“92_15) =4,49kN
2 1 .
V.. =-R, :—ﬁ'(qlgl%+Mab+l\/lba) Vo =Ry :__(Fl b2 +Mbc+Mcbj
ab bc

ol

2
Vi, = —;(3% —18,04+1]192) =-11,23kN Vg = ——(10[3—1192+15) =-5,51kN



.""

SIope—Deerction Method: Beams
Example 2
6. Shear forces and reactions.

Mab g =3 kN/m M,

R = ?ab =12,77kN
sz — ?ba + Rbc =1123+4,49=1572kN
R =R, +F, =551+5=1051kN




Method: Beams
Example 2

7. Draw shear force and bending moment diagrams.
\,,=12,77

Mab:-18,04 _'Mba _11 0?2 cb

\@/ =154

M = 9,12

2 2
MmaX:Mab+RabD<n—qd% ~18,04+12,77(4,255- 3@42% 912 kNm

M. =M, +R, db? = -11,92+4,49[3=1,54 kNm
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Method: Beams
Example 2, the 2"9 possibility of solution

F,= 10kN

7 F,=5kN
g=3 kN/m
l El_, = El

A

1. Degrees of freedom

= The continuous beam is kinematically indeterminate to
second degree.

The 2" possibility of solution - solve only one unknown joint
rotation ¢, (¢,= O, joint rotation ¢, is not necessary to solution
because the moment in the cantilever portion M, is known =
beam portion bc is taken as fixed - hinged).
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¥ Slope-Deflection Method: Beams
Example 2, the 2"9 possibility of solution

F,= 10 kN Bl = am 1 }ﬁiﬂﬂ K
> 1 F,=5kN | : | & : & 5| s
g= 3 kN/m J | = L — =
/ T 1T 1 1 l M, My, Myo | My,
// a b_ CA ' lQ ﬁ%QI ' +%Qz +~12'—6Qf
8 :!: 3 =| 3 L 3 :! = = : .
mofrom | (& +pal )| +ge -39
M . : - . '
2. Fixed end moments are e o] * e o .

calculated referring to the table.

_ 1 1
M o = —— B2 = - B8 = -16 KNm
= e =

F,=10 kN
M ba :+1—12m[n§b =16 kNm M.=F,-3= 15 kNm
b b————— ocC )
_ 2 2
I\/Ibc:—EEIF[I]bC+MCdbC 32[b :—EEIF[ﬂbc+&:—§ElO[6+E:—3,75kNm
16 2007 16 2 16 2



¥ Slope-Deflection Method: Beams
Example 2, the 2"9 possibility of solution

F,= 10 kN
y = 3kN/m P2 Sk
q_
o Ja b/AA A El,. = 2El
‘ 8 3 [ 3] 3 |
3. Express internal end moments by slope-deflection equations.
— 2EI
| | My, = Ma +=— (209, +¢,)
I O Mab:Mab 3EI — [P,
fixed - hinged
— 2El, 2El
My =Ma + | (ZU/’ ¢b)_ —16+ T(Zm ¢b)_ -16+ —¢b
ab
o, 2, 2 El
My =M+ 252 (209, +4,) =16+ (209, +0) =16+ 4,
ab
M,. =M 3E'bcnpb -3,75+ ?ﬂ%@b— -3,75+El [,

bc
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Method: Beams

Example 2, the 2"9 possibility of solution

F,= 10kN
Y F,=5kN

% g=3 kN/m l l

a b/ """""""""CA _________

8 L3 3 | 3|

Vl‘ r|‘

4. Equilibrium equations (write one equilibrium equation for
each unknown joint rotation)

= End moments are expressed in terms of unknown rotation @,
Now, the required equation to solve for the rotation ¢, is the
moment equilibrium equation at support b.

YM,=0: M, +M,=0
16+%¢b—3,75+ El @, =0

12,25 _ 8167
15(El  El

150l [§, +12,25=0= ¢, = —
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Method: Beams

Example 2, the 2"9 possibility of solution

F,= 10kN
7 l F,=5kN

)

a b/ """"""'""CA """""

8 | 3 | 3 | 3 |

rI < VI‘ »< gl

5. End moments
= After evaluating ¢, substitute it to evaluate beam end moments.

Mg = —16+%Dﬁb - 16+ ——8’167j

=-18,04 KNm
A4

El El 8,167
M, =16+—I[¢@ =16+—I[ ——— [=1192kNm
ba 2 ¢b 2 ( El j 1’
M, =-375+El ¥, =-3,75+El [ﬁ—%} =-11,92 kNm

Then the procedure is the same as
for the 15t possibility of solution.




